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Current data from the LHC indicate that the 125 GeV Higgs boson, H, is either the single Higgs of the
Standard Model or, to a good approximation, an “aligned Higgs.” We propose that H is the pseudo-
Goldstone dilaton of Gildener and Weinberg. Models based on their mechanism of scale symmetry
breaking can naturally account for the Higgs boson’s low mass and aligned couplings. We conjecture that
they are the only way to achieve a “Higgslike dilaton” that is actually the Higgs boson. These models
further imply the existence of additional Higgs bosons in the vicinity of 200 to about 550 GeV. We illustrate
our proposal in a version of the two-Higgs-doublet model of Lee and Pilaftsis. Our version of this model is
consistent with published precision electroweak and collider physics data. We describe tests to confirm or
exclude this model, possibly with available LHC data.
DOI: 10.1103/PhysRevD.99.055015
I. THE GILDENER-WEINBERG
MECHANISM FOR STABILIZING
THE HIGGS MASS AND ALIGNMENT
The 125 GeV Higgs boson H discovered at the LHC in
2012 is a puzzle [1,2]. Its known couplings to electroweak
(EW) gauge bosons (W, Z, γ), to gluons, and to fermions
(τ, b, and t, so far) are consistent at the 10%–20% level with
those predicted for the single Higgs of the Standard Model
(SM) [3–7]. But is that all? Why is the Higgs so light—
especially in the absence of a shred of evidence for any new
physics that could explain its low mass? Is naturalness a
chimera?
If there are more Higgs bosons—as favored in most of
the new physics proposed to account for H and a prime
search topic of the ATLAS and CMS Collaborations—why
are H’s known couplings so SM-like? The common and
attractive answer is that of Higgs alignment. In the context,
e.g., of a model with several Higgs doublets,
Φi ¼
1ffiffiffi
2
p
 ffiffiffi
2
p
ϕþi
vi þ ρi þ iai

; i ¼ 1; 2;…; ð1Þ
where vi=
ffiffiffi
2
p
is the vacuum expectation value (VEV) ofΦi,
an aligned Higgs is one that is a mass eigenstate given by
H ¼
X
i
viρi=v ð2Þ
with v ¼
ffiffiffiffiffiffiffiffiffiffiffiffiP
i v
2
i
p
¼ 246 GeV. Equation (2) has the same
form as the linear combination of ϕi and ai eaten by the
W and Z. And thisH has exactly SM couplings toW, Z, γ,
gluons, and the quarks and leptons.
To our knowledge, the first discussion of an aligned
Higgs boson appeared in Ref. [8]. It was discussed there in
the context of a two-Higgs-doublet model (2HDM) in the
“decoupling limit” in which all the particles of one doublet
are very much heavier than v, and so decouple from EW
symmetry breaking. The physical scalar of the lighter
doublet then has SM couplings.
There have been many papers on Higgs alignment in the
literature since Ref. [8], including others not assuming the
decoupling limit; see, e.g., Ref. [9]. However, with only a
few exceptions (see Refs. [10–13]), it appears that they
have not addressed an important theoretical question: Is
Higgs alignment natural? Is there an approximate sym-
metry which protects it from large radiative corrections? As
in these references, this might seem a separate question of
naturalness than the radiative stability of the Higgs mass,
MH. In fact, this question was settled long ago: a single
symmetry, spontaneously broken scale invariance with
weak explicit breaking, accounts for the Higgs boson’s
mass and its alignment.
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In 1973, S. Coleman and E. Weinberg (CW) [14]
considered a classically scale-invariant theory of a dilaton
scalar with an Abelian gauge interaction, massless scalar
electrodynamics. They showed that one-loop quantum
corrections can fundamentally change the character of
the theory by explicitly breaking the scale invariance,
giving the dilaton a mass and a VEV and, thereby,
spontaneously breaking the gauge symmetry.
In 1976, E. Gildener and S. Weinberg (GW) [15]
generalized CW to arbitrary gauge interactions with arbi-
trary scalar multiplets and fermions, using a formalism
previously invented by S. Weinberg [16]. Despite the
generality, their motivation was clearly in the context of
what is now known as the Standard Model. They assumed
that, due to some unknown, unspecified underlying dynam-
ics, the scalars Φi in their model have no mass terms nor
cubic couplings and, so, the model is classically scale
invariant.1,2 The quartic potential of the massless scalar
fields, which are real in this notation, is (see Ref. [15] for
details)
V0ðΦÞ ¼
1
24
fijklΦiΦjΦkΦl; ð3Þ
with dimensionless quartic couplings fijkl.
3 A minimum of
V0 may or may not spontaneously break any continuous
symmetries. If it does, it will also break the scale invariance
resulting in a massless Goldstone boson, the dilaton. A
minimum of V0 does occur for the trivial vacuum, Φi ¼ 0
for all i. At this minimum, all fields are massless and scale
invariance is realized in the Wigner mode. However, GW
supposed that V0 has a nontrivial minimum on the ray
ðΦnÞi ¼ niϕ; i ¼ 1; 2;…; ð4Þ
where
P
in
2
i ¼ 1 and ϕ > 0 is an arbitrary mass scale.4
They did this by adjusting the renormalization scale to have
a value ΛW so that the minimum of the real continuous
function V0ðNÞ is zero on the unit sphere NiNi ¼ 1. If this
minimum is attained for a specific unit vector Ni ¼ ni, then
V0ðΦÞ has this minimum value everywhere on the ray (4):
V0ðΦ ¼ Φn ≡ nϕÞ ¼ 1
24
fijklninjnknlϕ4 ¼ 0: ð5Þ
Obviously, for this to be a minimum,
∂V0ðΦÞ
∂Φi

Φn
¼ fijklnjnknlϕ3 ¼ 0; ð6Þ
and the matrix
Pij ¼
1
2
fijklnknl ð7Þ
must be positive semidefinite.
Now comes the punchline: The combination Φn ¼ nϕ
is an eigenvector of P with eigenvalue zero. It is the
dilaton associated with the ray (4), the flat direction of V0 ’s
minimum, and the spontaneous breaking of scale
invariance. GW called the Higgs boson Φn the “scalon.”
Massive eigenstates of P are other Higgs bosons. Any other
massless scalars have to be Goldstone bosons ultimately
absorbed via the Higgs mechanism. Then, a` la CW, one-
loop quantum corrections V1ðΦÞ can explicitly break the
scale invariance, picking out a definite value hϕi0 ¼ v of ϕ
at which V0 þ V1 has a minimum and giving the scalon a
mass. Including quantum fluctuations about this minimum,
ðΦnÞi ¼ niðvþHÞ þH0i ¼ vi þ viH=vþH0i; ð8Þ
where, with knowledge aforethought, we name the scalon
H. The other Higgs bosons H0i are orthogonal to H. To the
extent that V1 is not a large perturbation on the masses and
mixings of the other Higgs bosons of the tree approxima-
tion, the H0i are small components of Φn.
5 Thus, the scalon
is an aligned Higgs boson.6 Furthermore, the alignment of
H is protected from large renormalizations in the same way
that its mass is: by perturbatively small loop corrections to
V0 and its scale invariance. While the Higgs’s alignment is
apparent in the model we adopt in Sec. II as a concrete
example [18], this fact and its protected status are not
stressed in that paper nor even recognized in any other
paper on Higgs alignment we have seen.
From now on, we identify H with the 125 GeV Higgs
boson discovered at the LHC. From the one-loop potential,
i.e., first-order perturbation theory, GW obtained the
following formula for MH (which we restate in the context
of known elementary particles, extra Higgs scalars, and
their electroweak interactions):
1We follow GW in assuming that all gauge boson and fermion
masses are due to their couplings to Higgs bosons.
2Bardeen has argued that the classical scale invariance of the
SM Lagrangian with the Higgs mass term set to zero eliminates
the quadratic divergences in Higgs mass renormalization [17].
That appears not to be correct. In any case, as far as we know,
no one has yet proposed a plausible dynamics that produces a
scale-invariant SM potential or the more general V0ðΦÞ in Eqs. (3)
and (13) below. Obviously, doing that would be a great advance.
3We assume that the fijkl satisfy positivity conditions guar-
anteeing that V0 has only finite minima. Hermiticity of V0 also
constrains these couplings.
4GW later justify this assumption along with the fact that,
when one-loop corrections are taken into account, this provides a
deeper minimum than the trivial one. Moreover, the existence of a
nontrivial tree-level extremum on the ray Φn ¼ nϕ implies that
V0ðΦnÞ ¼ 0, i.e., that scale invariance is spontaneously broken
and V0 has a flat minimum; see, e.g., Sec. II.
5This is the case in the model we discuss in Sec. II.
6Eqs. (5.2)–(5.6) in Ref. [15] show that GW recognized that
the scalon has the same couplings to gauge bosons and fermions
as the Higgs boson does in a one-doublet model.
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M2H ¼
1
8π2v2

6M4W þ 3M4Z þ
X
H
M4H − 12m4t

: ð9Þ
Here, the sum is over Higgs bosons H other than H that
may exist. Because this is first-order perturbation theory,
the masses on the right side are those determined in zeroth
order but evaluated at the scale-invariance breaking value v
of ϕ. For MH ¼ 125 GeV, Eq. (9) implies the sum ruleX
H
M4H

1=4
¼ 540 GeV: ð10Þ
This result was obtained in Ref. [19] and used in Ref. [18]
to constrain the masses of new scalars. It does not appear to
have received the attention it deserves. It applies to all
extra-Higgs models based on the GW mechanism that do
not contain additional weak bosons or heavy fermions.
Thus, the more Higgs multiplets a scalon model has, the
lighter they will be. So long as loop factors suppress the
higher-order corrections to Eq. (10), it should be a good
indication of the mass range of additional Higgs bosons in
this very broad class of models.
There have been a number of papers on scale invariance
leading to a “Higgs-like dilaton” before and since the 2012
discovery of the Higgs boson, Refs. [20–25] to cite several.
An especially thorough discussion is contained in Ref. [21].
The authors of this paper examined the possibility that
Hð125Þ “actually corresponds to a dilaton: the Goldstone
boson of scale invariance spontaneously broken at a scale
f.” Such a dilaton (σ) has couplings to EW gauge bosons
W, Z and fermions ψ induced by its coupling to the trace of
the energy-momentum tensor. They are

2gMWWþμWμ− þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 þ g02
q
MZZμZμ
 σv
f
−
X
ψ
Yψ
2
ψ¯LψRð1þ γL þ γRÞ
σv
f
þ H:c:; ð11Þ
where γL;R are possible anomalous dimensions. Apart from
γL;R, these couplings are the same as those of an SM Higgs,
but scaled by v=f.
In general, the decay constant of a Higgs-like dilaton
satisfies jv=fj ≤ 1. Reference [21], written about six
months after the discovery of Hð125Þ, concluded that
jv=fj≳ 0.90 (assuming that γL;R¼0). Obviously, the con-
straint on jv=fj is tighter now, possibly jv=fj≳ 0.95, since
all measured Higgs signal strengths, (σðHÞBðH→XÞÞ=
ðσðHÞBðH→XÞÞSM, would be proportional to ðv=fÞ2. An
important point stressed by the authors is that f ≃ v
(probably f ¼ v) is achieved in models in which only
operators charged under the EW gauge group obtain
vacuum expectation values, i.e., f ¼ v only if the agent
responsible for electroweak symmetry breaking (EWSB) is
also the one responsible for scale symmetry breaking.
A major obstacle to the Higgs-like dilaton stressed in
Ref. [21] is that in nonsupersymmetric models it is
generally very unnatural that the dilaton’s mass Mσ is
much less than the scale Λf ≃ 4πf of the dynamics
underlying spontaneous scale symmetry breaking.7 The
authors do mention that a potential of Coleman-Weinberg
type (and, by extension, Gildener-Weinberg) can naturally
achieve a large hierarchy of scales, Mσ ≪ 4πf. But this
mention appears to be in passing because they do not
provide or cite a concrete model that makes f ¼ v with
Mσ ≡MH ≪ 4πv, nor do any of the papers referring
to Ref. [21].
Interpreted in the light of Ref. [21], it is clear that the
Gildener-Weinberg mechanism is exactly a framework for
obtaining a Higgs-like dilaton with f ¼ v and Mσ
ða:k:a:MHÞ ≪ 4πf. We know of no other example of this.
We conjecture that the GW mechanism is the only one that
can achieve a light, aligned Higgs boson through scale
symmetry breaking. It may be the only example in which a
single symmetry is responsible for both its low mass and its
alignment.
In Sec. II we analyze a variant of a two-Higgs-doublet
model of the GWmechanism proposed by Lee and Pilaftsis
(LP) in 2012 [18]. In Sec. III we examine constraints on our
model from precision electroweak measurements at LEP
and searches for new, extra Higgs bosons at the LHC. Our
variant is consistent with all published collider data. There
is much room for improvement in those searches, and we
list several targets of opportunity both for establishing the
model and for excluding it. A short Conclusion reempha-
sizes our main points. A detailed calculation of the CP-
even Higgs mass matrix and the degree to which Higgs
alignment is preserved at one-loop order and a comparison
with corresponding calculations of Lee and Pilaftsis are
reserved for the Appendix.
II. THE LEE-PILAFTSIS MODEL
The Lee-Pilaftsis model employs two Higgs doublets,
Φ1 and Φ2. For reasons that will be clear in Sec. III, we
impose a type-I Z2 symmetry under which the scalar
doublets and all SM fermions, left- and right-handed quark
and lepton fields—ψL, ψuR, ψdR—transform as follows
8:
Φ1 → −Φ1; Φ2 → Φ2;
ψL → −ψL; ψuR → ψuR; ψdR → ψdR: ð12Þ
Thus, all fermions couple to Φ1 only, and there are no
flavor-changing neutral current interactions induced by
7Two exceptions are in Refs. [26,27], but the models presented
there are aimed at the cosmological constant problem and have
nothing directly to do with EWSB.
8The scalar doublets and fermion fields have the usual weak
hypercharges Y so that their electric charges are Q ¼ T3 þ Y.
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Higgs exchange at tree level [28]. Some unknown dynam-
ics at high energies is assumed to generate a Higgs potential
that is Z2 invariant and classically scale invariant, i.e., has
no quadratic terms:
V0ðΦ1;Φ2Þ¼ λ1ðΦ†1Φ1Þ2þλ2ðΦ†2Φ2Þ2þλ3ðΦ†1Φ1ÞðΦ†2Φ2Þ
þλ4ðΦ†1Φ2ÞðΦ†2Φ1Þ
þ1
2
λ5ððΦ†1Φ2Þ2þðΦ†2Φ1Þ2Þ: ð13Þ
All five quartic couplings are real so that V0 is CP invariant
as well.
The scalars Φ1;2 are parametrized as in Eq. (1) except
that Φ1;2 cannot have specific VEVs vi at this stage.
That would correspond to an explicit breaking of scale
invariance, and V0 has no such breaking.
9 V0 does have a
trivial CP and electric charge-conserving extremum at
Φ1 ¼ Φ2 ¼ 0. Following GW, we ask if there is another
vacuum at which V0 vanishes, but which is a nontrivial,
spontaneously breaking scale invariance. There is; consider
V0 on the ray
Φ1β ¼
1ffiffiffi
2
p

0
ϕcβ

; Φ2β ¼
1ffiffiffi
2
p

0
ϕsβ

: ð14Þ
Here ϕ > 0 is any real mass scale, cβ ¼ cos β and
sβ ¼ sin β, where β is an angle to be determined. Then
V0β≡V0ðΦ1β;Φ2βÞ¼ 1
4
ðλ1c4βþλ2s4βþλ345c2βs2βÞϕ4; ð15Þ
where λ345 ¼ λ3 þ λ4 þ λ5. We require that V0 is a
minimum on this ray. The extremal (“no tadpole”)
conditions are
∂V0
∂ρ1

Φi¼Φiβ
¼ ϕ3cβ

λ1c2β þ
1
2
λ345s2β

¼ 0;
∂V0
∂ρ2

Φi¼Φiβ
¼ ϕ3sβ

λ2s2β þ
1
2
λ345c2β

¼ 0: ð16Þ
For β ≠ 0, π=2, these conditions imply V0β ¼ 0; i.e., the
vanishing of the potential on this ray is not a separate,
ab initio assumption. These conditions also imply
λ1=λ2 ¼ tan4β; λ345 ¼ 2
ffiffiffiffiffiffiffiffi
λ1λ2
p
: ð17Þ
Vacuum stability of V0 requires that λ1 and λ2 are positive.
We shall see that non-negative eigenvalues for the
CP-even Higgs mass matrix requires λ345 < 0. Thus,
λ345 ¼ −2
ffiffiffiffiffiffiffiffi
λ1λ2
p
at tree level.
The matrices of second derivatives for the neutral CP-
odd, charged, and CP-even scalars, respectively, are
M2H0− ¼ −λ5ϕ2
 s2β −sβcβ
−sβcβ c2β

; ð18Þ
M2H ¼ −
1
2
λ45ϕ
2
 s2β −sβcβ
−sβcβ c2β

; ð19Þ
M2H0þ ¼ ϕ2

2λ1c2β λ345sβcβ
λ345sβcβ 2λ2s2β

¼ −λ345ϕ2
 s2β −sβcβ
−sβcβ c2β

; ð20Þ
where λ45 ¼ λ4 þ λ5 and we used Eq. (16). The eigenvec-
tors and eigenvalues of these matrices are (taking some
liberty with the eigenvalue notation)

z
A

¼

cβ sβ
−sβ cβ

a1
a2

;
M2z ¼ 0; M2A ¼ −λ5ϕ2; ð21Þ
w
H

¼

cβ sβ
−sβ cβ

ϕ1
ϕ2

;
M2w ¼ 0; M2H ¼ −
1
2
λ45ϕ
2; ð22Þ

H
H0

¼

cβ sβ
−sβ cβ

ρ1
ρ2

;
M2H ¼ 0; M2H0 ¼ −λ345ϕ2: ð23Þ
Positivity of the nonzero eigenvalues requires
λ5 < 0; λ45 < 0; λ345 < 0: ð24Þ
So, V0 has a flat minimum V0β on the ray Φiβ, degenerate
with the trivial one. The conditions (24) are consistent with
the convexity conditions on V0 [18].
The minimum10 defined by the ray in Eq. (14) has
spontaneously broken scale invariance. The scalar fields,
A, H, and H0, are massive and the massless CP-even
scalar H ¼ cβρ1 þ sβρ2 is the dilaton associated with this
breaking. It is an aligned Higgs boson, the GW scalon.
The Goldstone bosons z and w are, of course, the
longitudinal components of the EW gauge bosons Z and
W. The minimum V0β of V0 is degenerate with the trivial
one. The nontrivial one-loop corrections to V0 will have a
deeper minimum than the potential at zero fields [15].9Here, we depart from the development in LP to follow the
analysis in GW. We do end up in the same place as LP when the
one-loop potential induces explicit scale symmetry breaking. 10Actually, of course, the infinity of degenerate minima.
KENNETH LANE and WILLIAM SHEPHERD PHYS. REV. D 99, 055015 (2019)
055015-4
At this stage, it is interesting that ðH;wþ; w−; zÞ are a
degenerate quartet at the critical, zero-mass point for
electroweak symmetry breaking. It has been suggested
that, if this quartet includes bound states of fermions with a
new strong interaction, being close to this critical situation
gives rise to nearly degenerate isovectors that are ρ-like and
a1-like resonances and that decay, respectively and almost
exclusively, to pairs of longitudinally polarized EW bosons
and to a longitudinal EW boson plus the 125 GeV Higgs
boson; see Refs. [29–31] for details. We speculate that,
once the scale symmetry is explicitly broken by quantum
corrections, the massive but light Higgs and the longi-
tudinal weak bosons remain close enough to the critical
point that the diboson resonances likely carry this imprint
of their origin. Whether these resonances are light enough
to be seen at the LHC or a successor collider, we do not
know but, of course, searches for them continue, as they
should [32].
For their 2HDM, LP calculated the one-loop effective
potential V1 and, following GW, extremized it along the ray
(14). The extremal conditions are [see Ref. [18] where the
effective one-loop potential is given in their Eqs. (17) and
(18)]:
∂ðV0þV1Þ
∂ρ1

Φi¼Φiβ
¼v3cβ

λ1c2βþ
1
2
λ345s2βþΔtˆ1=64π2

¼0;
∂ðV0þV1Þ
∂ρ2

Φi¼Φiβ
¼v3sβ

λ2s2βþ
1
2
λ345c2βþΔtˆ2=64π2

¼0:
ð25Þ
For the nontrivial extremum with β ≠ 0, π=2, these
conditions lead to a deeper minimum, V0βþV1β<V0β ¼
V0ð0ÞþV1ð0Þ¼0, picking out a particular value v of ϕ.
This is the VEVof EW symmetry breaking, v ¼ 246 GeV,
and the VEVs of Φ1, Φ2 are
v1 ¼ vcβ; v2 ¼ vsβ with tan β ¼ v2=v1: ð26Þ
The angle β can be chosen to be in the first quadrant so that
v1, v2 are real and non-negative [33]. Since v ≠ 0 explicitly
breaks scale invariance, all masses and other dimensionful
quantities are proportional to the appropriate power of it.
The one-loop functions Δtˆ1;2 are given by
Δtˆi¼
4
v4

2M4W

3 ln
M2W
Λ2GW
−1

þM4Z

3 ln
M2Z
Λ2GW
−1

þM4H0

ln
M2H0
Λ2GW
−1

þM4A

ln
M2A
Λ2GW
−1

þ2M4H

ln
M2H
Λ2GW
−1

−12m4t

ln
m2t
Λ2GW
−
1
2

δi1
	
;
ð27Þ
where M2W ¼ 14 g2v2 ¼ M2Z cos2 θW , M2H0 ¼ −λ345v2, etc.
Here, ΛGW is the renormalization scale at which Gildener
and Weinberg’s one-loop potential has a nontrivial sta-
tionary point [and from which Eqs. (9) and (35) below
follow]. Of course, physical quantities do not depend
upon it.
Next, LP determined the one-loop-corrected mass matri-
ces of the scalars. For the CP-odd and charged Higgs
bosons, the corrections are just the nontrivial one-loop
extremal conditions of Eq. (25), so that these mass matrices
are still given by Eqs. (18) and (19), but with ϕ ¼ v [18].
For the CP-even mass matrix, the explicit scale breaking
ϕ ¼ v gives the scalon a mass. After using the nontrivial
conditions in Eqs. (25), the mass matrix is [18]11
M2H0þ ¼ v2
 ð2λ1 þ Δmˆ211=64π2Þc2β ðλ345 þ Δmˆ212=64π2Þsβcβ
ðλ345 þ Δmˆ212=64π2Þsβcβ ð2λ2 þ Δmˆ222=64π2Þs2β
!
: ð28Þ
Here,
Δmˆ2ij ¼
8
v4

2M4W

3 ln
M2W
Λ2GW
þ 2

þM4Z

3 ln
M2Z
Λ2GW
þ 2

þM4H0 ln
M2H0
Λ2GW
þM4A ln
M2A
Λ2GW
þ 2M4H ln
M2H
Λ2GW
− 12m4t

ln
m2t
Λ2GW
þ 1
2

δi1δj1
	
: ð29Þ
The top-quark term in Δmˆ211 breaks the universality of the
one-loop corrections toM2H0þ but, even if that term were
absent, the scalon would still become massive because the
tree-level relations (17) are modified by the one-loop
extremal conditions: λ1 þ 12 λ345tan2β ¼ O (one loop), etc.
There are simple relations between Δmˆ2ij and Δtˆi,
namely,
Δmˆ211
64π2
¼ 2Δtˆ1
64π2
þM
2
H
v2
; ð30Þ
Δmˆ212
64π2
¼ Δmˆ
2
22
64π2
¼ 2Δtˆ2
64π2
þM
2
H
v2
þ 3m
4
t
2π2v4
; ð31Þ
11It is improper to set β ¼ 0 or π=2 in Eq. (28) and then
conclude that M2H0þ still has one zero eigenvalue. Rather, one
must use the appropriate extremal conditions for β ¼ 0 or π=2 to
derive the M2 matrices at zero and one-loop order.
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where MH is the scalon mass, given below in Eq. (35).
Using Eqs. (25) again, the logs and scale dependence
disappear from M2H0þ , leaving
ðM2H0þ Þ11 ¼ ½ð2λ1 − λ345Þs2βv2 þM2Hc2β;
ðM2H0þ Þ22 ¼ ½ð2λ2 − λ345Þc2βv2 þM2H þ 3m4t =2π2v2s2β;
ðM2H0þ Þ12 ¼ ½ðλ345 − 2λ2Þs2βv2 þM2H þ 3m4t =2π2v2sβcβ:
ð32Þ
The CP-even mass eigenstates are the scalon H1 and, by
convention, a heavier H2 defined by
H1
H2

¼

cδ −sδ
sδ cδ

H
H0

¼

cβ0 sβ0
−sβ0 cβ0

ρ1
ρ2

; ð33Þ
where β0 ¼ β − δ and
tan2β0 ¼ ½ðλ345−2λ2Þs
2
βþM2H=v2þ3m4t =2π2v4sin2β
½2ðλ1−λ2Þs2βc2βþðM2H=v2Þcos2β−3m4t s2β=2π2v4
:
ð34Þ
It is easy to check that β0 ¼ β and M2H1 ¼ 0 in the tree
approximation.12
The validity of first-order nondegenerate perturbation
theory requires that β0 ≃ β so that jδj≪ β.13 Then H1 ≅ H
and its mass in this model is [from Eq. (9)]
M2H1 ≅M
2
H
¼ 1
8π2v2
ð6M4Wþ3M4ZþM4H0 þM4Aþ2M4H −12m4t Þ;
ð35Þ
where, again, all the masses on the right side of this formula
are obtained from zeroth-order perturbation theory, i.e.,
from V0 plus gauge and Yukawa interactions, with ϕ ¼ v.
The way this formula is used to estimate heavy Higgs
masses is to fix the left side at MH1 ¼ 125 GeV, thereby
determining ðM4H0 þM4A þ 2M4HÞ1=4. Then, as an exam-
ple, one might fixMH ¼ MA and search forH2 ≅ H0 near
the mass MH0 determined by the formula. The sum rule is
illustrated in Fig. 1 forMH1 ¼ 125 GeV andMH ¼ MA or
MH0 ; the mass of the other neutral scalar is plotted against
MH . The figure shows that the mass of that scalar is very
sensitive to small changes inMH when the latter is large. In
Appendix we compute MH1;H2 as a function of λ3, equiv-
alentlyM2H0, forMH ¼ MA ¼ 400 GeV. We shall see then
that there can be appreciable differences between MH0 and
the mass eigenvalue MH2 even though MH1 ≅ MH and the
angle δ≪ β. Thus, the sum rule should be used with some
caution in designing searches for large values of
MH ¼ MA=H0 . For this case with MH0 diving to zero for
largeMH ¼ MA, using the eigenvalueMH2 ofMH0þ seems
themore reasonableway to estimate itsmass; see Fig. 8, e.g.,
The diagonalization of MH0þ and the comparison of
our results with those of Ref. [18] are in Appendix.
Here we mention that we find δ and δ=β¼Oð10−2Þ for
tan β ≃ 1=3–1.0, hence near perfect alignment, as we see
next in the Higgs couplings to EW bosons and fermions.
With weak hypercharges of 1
2
, the EW gauge couplings of
the physical Higgs bosons H1 ≅ Hð125Þ, H2, A, and H
are given by
LEW¼ ieH−∂μ
⟷
HþðAμþZμcot2θWÞ
þ e
sin2θW
A∂μ
⟷
ðH1sinδ−H2cosδÞZμ
þ ie
2sinθW
ðH−∂μ
⟷
ðH1sinδ−H2cosδþiAÞWþ;μ−H:c:Þ
þðH1cosδþH2sinδÞ
×

eMW
sinθW
Wþ;μW−μ þ
eMZ
sin2θW
ZμZμ

: ð36Þ
The alignment of H1 and antialignment of H2 for small δ
are obvious.
FIG. 1. The mass of the neutral Higgs S2 ¼ H0=A as a function
of the common mass of H and the other neutral Higgs,
S1 ¼ A=H0, from the sum rule in Eq. (35) with
MH ¼ 125 GeV. Note the considerable sensitivity of MS2 to
MHþ ¼ MS1 when the latter is large.
12Hill [34] also considered a 2HDM with the scale-invariant
potential in Eq. (13). In his treatment, v1 ¼ v2 ¼ 0 at tree level,
while one-loop (CW) corrections can give nonzero VEVs to Φ1,
Φ2. Hill chose parameters so that v1 ≠ 0 but v2 ¼ 0. This leads to
a very different outcome for Hill’s model than the one we present
here. In particular, Φ2 in his model is a degenerate quartet of
massive “dormant” scalars. Requiring that the 0þ scalar with
v1 ¼ v ¼ 246 GeV is Hð125Þ, Hill found from the CW potential
that the common mass of the degenerate quartet is 382 GeV.
This is exactly what one obtains from Eq. (35) by
putting MH0 ¼ MA ¼ MH .13Below and in Sec. III, experimental constraints will require
tan β ≲ 1
2
, and this means that δ must be small.
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The Yukawa couplings to mass eigenstate quarks and leptons of the physical Higgs bosons dictated by the Z2 symmetry
in Eq. (12) are given by
LY ¼
ffiffiffi
2
p
tan β
v
X3
k;l¼1
½Hþðu¯kLVklmdldlR − u¯kRmukVkldlL þmlk ν¯kLlkRδklÞ þ H:c:
−

v cos β þH1 cos β0 −H2 sin β0
v cos β
X3
k¼1
ðmuku¯kuk þmdkd¯kdk þmlk l¯klkÞ
−
iA tan β
v
X3
k¼1
ðmuku¯kγ5uk −mdkd¯kγ5dk −mlk l¯kγ5lkÞ: ð37Þ
Here, V is the Cabibbo-Kobayashi-Maskawa matrix, and
fermion masses are to be evaluated at Oð300 GeVÞ. Again
the alignment of H1 is obvious for small δ.
The charged Higgs couplings in Eq. (37) contribute to
b→ sγ decays. Reference [35] studied this transition and
boundedMH > 295 GeV at the 95% C.L. in 2HDM with
type-II couplings, i.e., in which up quarks get their mass
from Φ2 and down quarks from Φ1 [36]. Their bound is for
tan β ≥ 2 in such a model. The Yukawa couplings of our
model are the variant of type-I withΦ1 andΦ2 interchanged.
The bound then corresponds to tan β ≤ 1
2
. In Sec. III. 2 we
find a similar bound on tan β from a search for H.
We briefly mention two theoretical constraints on this
model considered in Ref. [18]. The first is perturbative
unitarity. One of its most stringent conditions comes from
requiring that the eigenvalue aþ of the scattering ampli-
tudes in Ref. [37] obeys the bound
aþ ¼
1
16π
h
3ðλ1þλ2Þþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9ðλ1−λ2Þ2þð2λ3þλ4Þ2
q i
≤
1
2
:
ð38Þ
Note that this is symmetric under cβ ↔ sβ. Assuming, e.g.,
that MH ¼ MA ¼ 400 GeV, we have
aþ ¼


0.38 for tan β ¼ 1
2
0.82 for tan β ¼ 1
3
: ð39Þ
The second constraint comes from the oblique param-
eters S, T [38–43]. We note here that the contribution to T
from the Higgs scalars in this model vanishes identically
when λ4 ¼ λ5 [44,45]. For this reason, we often assume
MH ¼ MA in the phenomenological considerations of
Sec. III. The constraints following from the S parameter
will be discussed there as well.
III. EXPERIMENTAL CONSTRAINTS
AND OPPORTUNITIES
In this section, we discuss constraints from precision EW
measurements at LEP and searches for new charged and
neutral Higgs bosons at the LHC and, finally, we summa-
rize targets of opportunity at the LHC.
A. Precision electroweak constraints
The constraints from Z and W boson properties [3],
parametrized by S and T, are independent of the choice of
Yukawa couplings for the 2HDM. We follow Ref. [18] to
evaluate the contributions of the new Higgses to these
parameters which included the (formally) two-loop effect
of vertex corrections which arise due to the potentially
large quartic couplings. The general form of these correc-
tions is [46]
SΦ ¼ −
1
4π

ð1þ δHγZ Þ2F0ΔðMH ;MHÞ
−
X
i¼1;2
ðgHiAZ þ δHiZ Þ2F0ΔðMHi;MAÞ
	
;
TΦ ¼ −
ffiffiffi
2
p
GF
16π2αEM


−ð1þ δAWÞ2FΔðMA;MHÞ
þ
X
i¼1;2
½ðgHiAZ þ δHiZ Þ2FΔðMHi;MAÞ
− ðgHiH−Wþ þ δHiW Þ2FΔðMHi;MHÞ

; ð40Þ
where δHV is thevertex correction to the coupling of thevector
boson V to Higgs bosonH (see Ref. [18]) and Fð0ÞΔ ðM1;M2Þ
are the bubble-graph integrals given in Ref. [47]. As noted,
the Higgs contribution to T vanishes in this model
when MH ¼ MA.
The regions of tan β–MH parameter space allowed by
precision EW data for the cases MHþ ¼ MA and MHþ ¼
MH0 are shown in Fig. 2. The mass of the lone neutral scalar
in either of these scenarios is taken from the sum rule (35);
see Fig. 1. The axes in Fig. 2 are chosen to span the
parameter space technically available to the model after
direct LEP searches. The lower bound of 70 GeV corre-
sponds to the LEP search for charged Higgses [48]. The
upper limit of 410 GeV is chosen to avoid the region of low
MH0 or MA in Fig. 1. For MH ¼ MH0, the shared mass
must be greater than about 315 GeV to satisfy EW
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precision data constraints at the 1σ level, and the higher
masses allow for smaller values of tan β. In theMHþ ¼ MA
case, a similar region in shared mass and tan β is allowed,
but there is a second region within 1σ at a low common
mass and tan β. In fact, nearly the entire possible mass
range is allowed at the 2σ level for tan β > 0.2. We shall see
below in Fig. 6 that a CMS search at 8 TeV for a charged
Higgs boson decaying to tb¯ requires tan β ≲ 0.5 for 180 <
MH < 500 GeV [49].
B. Direct searches at the LHC
In the alignment limit (small δ=β), the Yukawa couplings
of the new charged and neutral Higgs bosons are propor-
tional to tan β. The strong alignment renders ineffective
existing searches for such Higgses in weak boson final
states, specifically H2 ≃H0 and A → WþW−, ZZ. At the
same time, it may strengthen searches in fermionic final
states. Reference production cross sections for the new
Higgses for several potentially important processes are
shown in Figs. 3 and 4. Note that all the single-Higgs
production cross sections which may be efficient in the
alignment limit are proportional to tan2 β.
Among heavy scalars, the most promising search is for
tH-associated production, withHþ → tb¯. The subprocess
for this is gbðb¯Þ → tH−ðt¯HþÞ. The most stringent con-
straint so far on this channel is from the CMS search at
8 TeV [49]. In the aligned limit, the other potentially
FIG. 3. The cross sections for single Higgs production proc-
esses in the alignment limit (δ → 0) with the dependence on tan β
scaled out. Both charged Higgs states are included in pp → tH−.
FIG. 2. The constraints on the type-I scale-invariant 2HDM arising from precision electroweak measurements. The green (yellow)
regions indicate 1σ (2σ) agreement with precision data. In the left panelMHþ ¼ MA, which also enforces that the scalars’ contribution
TΦ to the T parameter vanishes. In the right panelMHþ ¼ MH0 for which TΦ ≠ 0. The remaining neutral scalar’s mass is set by Eq. (35).
FIG. 4. The cross sections for Drell-Yan production of Higgs
pairs in the alignment limit (δ → 0). They are independent of
tan β.MH ¼ MA is assumed, withMH0 taken from Eq. (35). The
sharp increase at large MH is due to the rapid decrease of MH0
there; see Fig. 1. For the case MH ¼ MH0 , simply interchange
the labels A and H0 in the figure.
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important decay mode is H → WH0 orWA, whichever
neutral Higgs is lighter. That neutral Higgs decays mainly to
b¯b.14 Figure 5 shows the dependence of the branching ratio
BðHþ → tb¯Þ as a function ofMHþ and tan β. In this figure,
MHþ ¼ MA or MH0 and the other neutral scalar’s mass is
given by the sum rule (35). There has been no dedicated
search yet for H → WH0=A. However, the final state
for this decay mode, tH → tWH0=A → tWb¯b, is sim-
ilar to that of tH → ttb¯ → tWb¯b. Therefore, we con-
servatively assume that it contributes with equal acceptance
to the search at CMS so that the branching ratio of
BðtH → tWb¯bÞ ¼ 1. The signal rate then scales as for
the single Higgs production, σ · B ∝ tan2 β.
Because CMS has reported unfolded bounds on σ · B for
this final state, we are able to recast the search from its type-
II 2HDM form into bounds on our type-I model. We show
the constraints on tan β as a function of MHþ in Fig. 6. As
did CMS, we extrapolated linearly between points at which
cross section limits were reported.
Further constraints can come from searches for neutral
Higgs bosons produced in gluon fusion and decaying to
top, bottom, or tau pairs.15 From the sum rule in Eq. (35),
the heaviest H0 or A can be is almost 540 GeV when all
other masses are ∼100 GeV. An ATLAS search at 8 TeV
[50] for resonant production of t¯t has been performed
only for scalars heavier than 500 GeV because of the
complexity of interference effects in regions near threshold
where off-shell tops become important in heavy Higgs
decays. A neutral scalar mass of MH0 ¼ 500 GeV corre-
sponds to MH ¼ MA ¼ 295 GeV. In principle, such
searches are sensitive to the full mass range within 1σ at
lower mass and tan β in the left panel of Fig. 2. The case
MH ¼ MH ¼ 295 GeV is within 2σ of Fig. 2 and should
not be ignored out of hand. This particular search is fairly
difficult to recast because the analysis was performed
primarily in terms of signal strength in a 2HDM. Using
the “signal” rate quoted in auxiliary material together with
the constrained signal strength leads to constraints at fixed
MA ¼ 500 GeV of σ · B < 0.32–1.69 pb, corresponding
to tan β < 0.62–1.02 in our model. For MH0 ¼ 500 GeV,
the limits are σ · B < 0.085–0.40 pb, corresponding to
tan β < 0.59–0.91. Choosing even the smallest of these
bounds on tan β, this search does not reach the 1σ region at
low MH ¼ MA in Fig. 2.
A search at 13 TeV for production of a neutral scalar in
association with a b¯b pair and decaying to another b¯b pair
in the mass range 300–1300 GeV has been carried out by
CMS [51]. It is not appreciably sensitive to these models, as
the bottom Yukawa coupling is not enhanced as it is in the
models targeted by this analysis. The largest b¯b-associated
new Higgs production cross section in our model, inde-
pendent of subsequent decay branching ratios, is already
sub-femtobarn for tan β ¼ 1 and, so, is unconstrained by
this analysis.
A search for neutral Higgs production—from either
gluon fusion or b¯b-associated production—with sub-
sequent decays to τþτ− has been performed at 13 TeV
by ATLAS in the mass range 200–2250 GeV [52]. Gluon
fusion production is more promising for our model, with
FIG. 5. The branching ratio BðHþ → tb¯Þ as a function
of MHþ and tan β. The only other significant decay mode is
Hþ → WþH0=A. It is assumed thatMHþ ¼ MA orMH0 ; the other
neutral scalar’s mass is then given by Eq. (35).
FIG. 6. Constraints on tan β in any type-I 2HDM a` la the model
of Sec. II from a CMS search at 8 TeV for charged Higgs
production in association with another top quark and decaying to
tb¯ [49]. The kinks in this plot occur at the data points provided by
CMS and arise due to linear interpolation of the excluded cross
section for intermediate values of charged Higgs mass.
14It also decays to τþτ− with a branching ratio of Oð15%Þ.
15Note thatWW and ZZ fusion ofH0 and A is very small in the
alignment limit.
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cross sections as large as 20 pb for pseudoscalar produc-
tion at tan β ¼ 1. Decays to light fermions in this model
are quickly overwhelmed by bosonic decays, such as
A → H2Z, when accessible. Thus, these searches are
capable of constraining only the lighter new neutral scalar
in the model. In this limit, the competing decays are to
third-generation quarks. The bounds on tan β arising from
these searches are shown in Fig. 7. Due to the opening of
the top quark decay channel, these searches also become
ineffective for MH2;A ≳ 350 GeV.
Finally, two searches for a neutral scalar produced in
association with b¯b and decaying to Z plus another scalar
which itself decays to b¯b or τþτ− has been performed at
13 TeV by CMS and ATLAS [53,54] for models with both
scalars’masses below 1 TeV. In order that there is adequate
splitting between the scalars in our model, either the
common scalar mass of the charged and selected neutral
scalar must be greater than ∼400 GeV or less than
∼350 GeV, implying that the heavier scalar’s mass is at
least 400 GeV. From Fig. 3, the greatest production cross
section for pp→ bb¯H0=A for tan β ¼ 1 is ∼10 fb. The
CMS cross section limits (and comparable ones from
ATLAS) for the lighter scalar decaying into b¯b are greater
than this largest possible cross section. Limits for decays to
τþτ− are a few fb. Including the tau branching ratio of the
H0=A, this limit is also well above the cross section
predicted in our model.
A search of interest to ATLAS and CMS is for resonant
pair production of Hð125Þ. Unfortunately, the amplitude
for H2 → H1H1 vanishes in the alignment limit of 2HDM
models of type considered here, and, so, we expect that it
will be a very weak signal. This is related to the vanishing
of H2 → WW and ZZ in this limit. As noted in Sec. II,
before the explicit scale-breaking potential V1 is turned on,
ðH;wþ; w−; zÞ are a degenerate quartet at the critical
zero-mass point for electroweak symmetry breaking.
Therefore, the three-point amplitude coupling of H0 ¼
limδ→0H2 to any pair of these Goldstone bosons vanishes.
C. Targets of opportunity at the LHC
We summarize here the likely targets of opportunity at the
LHC that we discussed above and remind the reader of some
unlikely ones which serve as negative tests of the model we
considered. We preface this by recalling that we found that
tan β ≲ 1
2
and this suppresses certain production rates and
decay branching ratios relative to those for the value tan β ¼
1 assumed in many 2HDM searches at the LHC.
(1) Update the search carried out in Ref. [49] for Hþ →
tb¯ → Wþb¯b via the process gb¯ → t¯Hþ and charge
conjugate modes.16
(2) Perform a dedicated search for gb¯ → t¯Hþ followed
by Hþ → WþH2=A → Wþbb¯. Recall that this has a
similar final state as the search above, but includes a
resonant b¯b signal.
(3) Search for single production ofH2=A → bb¯ in gluon
fusion and possibly in association with bb¯. If H2 or
A are light, in the neighborhood of 200–250 GeV,
the decay to τþτ− can be important. It is then also
possible that the heavier of the two neutral scalars
decays to the lighter one plus a Z boson.
(4) If possible, search for gluon fusion of H2=A→ tt¯
nearer to the t¯t threshold than was done in Ref. [50].
(5) Search for diboson resonances decaying to VLVL
and VLH, as discussed in Sec. II. The mass of such
resonances is dictated by the underlying dynamics
that produce the scale-invariant potential V0 in
Eq. (13), dynamics whose energy scale is not
specified in the model.
(6) Drell-Yan production of HA, HH2, H2A, and
HþH− are at most a few femtobarns and may, there-
fore, be more difficult targets than gg → H2; A. On
the other hand, these cross sections have no tan2 β
suppression.
(7) Gluon fusion of H2=A→ γγ may be too small to be
detected because of the tan2 β suppression. If
MH2=A < 2mt, the scalar’s dominant mode may be
to b¯b. Then σðgg→ H2=AÞBðH2=A→ γγÞ ∝ tan2 β,
not tan4 β, so there is some hope.
(8) The alignment of the 125 GeV Higgs strongly
suppresses the decays of H2 and A to WþW− and
ZZ, as well as WW and ZZ fusion of H2 and A,
providing a negative test of the model.
(9) The decay rate for H2 ¼ limδ→0H2 → HH is sup-
pressed by δ2, providing another negative test of the
FIG. 7. The constraints on tan β in the model of Sec. II from
the ATLAS search at 13 TeV for a neutral Higgs S ¼ H2; A
decaying to τþτ− [52]. They apply only to the lighter neutral
Higgs because decays to light fermions are quickly overwhelmed
by, e.g., A → H2Z or A → t¯t when the channels open.
16Reference [55], which appeared recently, is a 13 TeV search
by ATLAS which addresses this final state. However, its bounds
at low masses are not appreciably stronger than those of Ref. [49].
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model. If this mode is seen, it is inconsistent with the
type of model considered here.
IV. CONCLUSION
In conclusion, we have emphasized here that the lowmass
and apparent StandardModel couplings to gauge bosons and
fermions ofHð125Þ can have the same symmetry origin: it is
the pseudo-Goldstone boson of broken scale symmetry, the
scalon of Gildener and Weinberg [15], and this stabilizes its
mass and its alignment. In the absence of any other example,
we conjectured that the GW mechanism is the only way to
achieve a truly Higgs-like dilaton. We believe this is an
important theoretical point. But there is also an important
experimental one to make here. The Gildener-Weinberg
scalon picture identifies a specific mass range for new, non-
SM Higgs bosons, and that mass range is not far above
Hð125Þ. Therefore, at the LHC, the relatively low region
below about 550 GeV currently deserves as much attention
as has been given to pushing themachine and the detectors to
their limits.
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APPENDIX: CP-EVEN MASSES AND
COMPARISON WITH LEE AND PILAFTSIS
We diagonalizedM2H0þ with elements in Eqs. (32) for a
range of tan β ≤ 1 and MH ¼ MA ≃ 400 GeV. The gen-
eral features of our results are fairly insensitive to these
choices. The input parameters for the calculation reported
here were chosen to be the same as those in Ref. [18],
namely, tan β ¼ 1.0 and MH ¼ MA ¼ 400 GeV. These
FIG. 8. Left: The CP-even Higgs one-loop mass eigenvalues MH1 and MH2 , the tree-level mass MH0 ¼
ffiffiffiffiffiffiffiffiffiffiffi
−λ345
p
v, and the one-loop
mass MH from Eq. (35) as functions of λ3 ¼ ð2M2H −M2H0 Þ=v2. Here, tan β ¼ 1 and MH ¼ MA ¼ 400 GeV corresponding to
λ4 ¼ λ5 ¼ −2.644. The input H ≅ H1 mass is MH ¼ 120.5 GeV, the corresponding initial MH0 ¼ 231.5 GeV and λ3 ¼ 4.403. MH0
vanishes at λ3 ¼ 2M2H=v2 ¼ 5.288. Right: The angle δ ¼ β − β0 and ratio δ=β for β ¼ π=4.
FIG. 9. The CP-even Higgs masses MH1 ;MH2 as functions of
λ3 ¼ ð2M2H −M2H0 Þ=v2 for MH ¼ MA ¼ 400 GeV and
tan β ¼ 1. The input H ≅ H1 mass at λ3 ¼ 4.40 is
MH ¼ 120.5 GeV. The dashed blue line is the tree-level MH0 ¼ffiffiffiffiffiffiffiffiffiffiffi
−λ345
p
v with λ4 ¼ λ5 ¼ −M2A=v2 ¼ −2.644. From Ref. [18].
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masses determine λ4 ¼ λ5 ¼ −M2A=v2 ¼ −2.644. To ini-
tiate the calculation, the value ðMHÞi ¼ 120.5 GeV was
chosen from which, using Eq. (35), ðMH0 Þi ¼ 231.5 GeV
and ðλ3Þi ¼ 4.403 were determined; λ3 was then incre-
mented to the maximum value ðλ3Þf ¼ 2M2H=v2 ¼ 5.288
at which M2H0 ¼ −λ345v2 vanishes. For each value of λ3, a
new value ofMH0 ¼
ffiffiffiffiffiffiffiffiffiffiffi
−λ345
p
v is determined and used in the
sum rule to updateMH in the matrix elements of Eqs. (32).
Note that it is consistent loop-perturbation theory to use
tree-level expressions to compute the nonzero, one-loop
value of MH.
Figure 8 showsMH from Eq. (35), the zeroth-order mass
MH0 , and the eigenvalues MH1;H2 (left) and the angle δ ¼
β − β0 and ratio δ=β (right). In the masses plot,MH1=MH ≅
1.03 for all λ3; MH2 starts off about 10% greater than
MH0 and increases to 70% greater when MH0 ¼ MH at
λ3 ≅ 5.04. Then MH2 diverges upward while MH0 plunges
to zero. The mixing angle δ (right), which measures the
deviation from the perfect alignment of H1, is just several
percent and a small fraction of β; δ=β has a broad maximum
of about 6% near λ3 ¼ 5.11. For this choice of input
parameters, then, the alignment of the 125 GeV Higgs
boson H is nearly perfect.17
These results are qualitatively similar to those obtained
by LP in Ref. [18], but only up to λ3 ≃ 4.8; see Fig. 9. The
LP paper was submitted in April 2012, before the
announcement of the discovery of Hð125Þ and before a
more precise value of its mass had been announced. Hence,
it appears, their chosen input value of MH ¼ 120.5 GeV.
Up to λ3 ≃ 4.9, H2 ≅ H0 with the tree-level mass
MH2 ≅ MH0 ¼
ffiffiffiffiffiffiffiffiffiffiffi
−λ345
p
v ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2M2H − λ3
q
v. Meanwhile,
H1 ≅ H with MH1 given by Eq. (35) is almost constant
at 120 GeV. In this region, δ is small and β0 ≅ β ¼ π=4.
Beyond λ3 ≃ 4.9, there is a clear deviation from this
behavior and a level crossing which LP identify as
occurring at λc3 ≅ 5.06. Above λc3, MH2 ≅ 120 GeV while
MH1 and MH0 coalesce and fall to zero at ðλ3Þf ¼ 5.288.
Here, δ ≃ π=2 ¼ 2β, and the LP calculation is well past the
point of reliable first-order perturbation theory.
We cannot reproduce the level crossing seen in Fig. 9
using theM2H0þ matrix elements in Eq. (32). However, we
found that we could by using the tree-level extremal
conditions, λ1 þ 12 λ345 tan2 β ¼ λ2 þ 12 λ345 cot2 β ¼ 0. The
result is illustrated in Fig. 10. The level crossing in the
MH0þ eigenvalues occurs at the same place as in LP’s
calculation. Because it is much more rapid in our calcu-
lation than in LP’s, we can pinpoint it at λ3 ¼ 5.04. We do
not know if this is why LP obtained their level crossing.
But there is no doubt that using the tree-level extremal
conditions in M2H0þ is not consistent loop-perturbation
theory and, in fact, the results are renormalization-scale
dependent.
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FIG. 10. Left: The CP-even Higgs masses, with input parameters of Fig. 8, except that the eigenvalues M2H1;H2 of M
2
H0
þ were
calculated using the tree-level extremal conditions 2λ1 þ λ345 tan2 β ¼ 2λ2 þ λ345 cot2 β ¼ 0. Right: The angle δ ¼ β − β0 (solid) and
ratio δ=β (dashed) for β ¼ π=4.
17An extreme example takes MH ¼ MA ¼ 300 GeV. ThenðMH0 Þi ¼ 485 GeV and ðλ3Þi ¼ −0.91. The Higgs mass MH
calculated from the sum rule and MH1 remain very close as do
MH0 and MH2 , and the angle δ ¼ Oð1%Þ until near ðλ3Þf ¼ 2.97
where it rises rapidly, but only to 10%. Our calculations show that
δ=β is always a few percent for all β > 0.
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